The stability of a rigid body on which two forces are in equilibrium can be assessed intuitively. In more complex cases this is no longer true. This paper presents a general method to assess the stability of complex force systems, based on the notion of dynamic equivalence. A resultant force is considered dynamically equivalent to a given system of forces acting on a rigid body if the contributions to the stability of the body of both force systems are equal. It is shown that the dynamically equivalent resultant force of two given constant forces applies at the intersection of its line of action and the circle put up by the application points of the given forces and the intersection of their lines of action. The determination of the combined center of mass can be considered as a special case of this theorem. Two examples are provided that illustrate the significance of the proposed method. The first example considers the suspension of a body, by springs only, that is statically balanced for rotation about a virtual stationary point. The second example treats the roll stability of a ship, where the metacentric height is determined in a natural way.
INTRODUCTION
The stability of a two-force system in equilibrium can be assessed intuitively at a single glance. Static equilibrium is achieved when the two forces are of equal magnitude, opposite sense, and have the same line of action. However, although all in equilibrium, the rigid bodies in Fig. 1 have different stability. Assuming constant forces (both in terms of magnitude and direction), it is readily seen (a more rigorous derivation will follow) that stable equilibrium results if the forces are pointing away from each other (Fig. 1a) , whereas unstable equilibrium results if the forces are pointing towards each other (Fig. 1b) . In the borderline case, the two points of application coincide, rendering the system in neutral equilibrium (Fig. 1c) . Evidently, the point of application of the forces on their line of action is of vital importance to the stability, even though it does not affect the static equilibrium itself.
In an n-force system in equilibrium, the judgment of the stability is much less obvious. Figure 2 shows an example of a rigid body on which three forces are in equilibrium. One 
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MECH TOC strategy to assess the stability of such systems would be to compose forces two by two until a two-force system is obtained, the stability of which can then be assessed as above. Clearly, the conventional procedure of force composition is not sufficient, since it does not yield the point of application of the resultant force. Since the conventional procedure is aimed at equilibrium (not at stability), it yields in fact the statically equivalent force system: an equivalent force for which the point of application on the line of action is not relevant. Therefore, in order to find the equivalent stability, a procedure is required to compose forces in a dynamically equivalent way, i.e. in such a way that the stability contribution of the resultant force is equal to the stability contribution of the two original forces. This implies that in addition to the magnitude and line of action of the resultant force, also the point of application is to be found. This paper proposes a procedure for the determination of the dynamically equivalent resultant force system, for any given force system. The treatise will be limited to the planar case of rigid body motion. The study will not be limited to the judgment of stability of static equilibrium. It will be shown that the proposed procedure for the determination of dynamically equivalent forces is valid for the contribution of forces to any state of motion.
STATIC EQUIVALENCE
This section will use the Newton-Euler equations of motion to investigate the contribution of forces to the nominal state of motion of a rigid body. In matrix form, the equations of motion for a rigid body under the influence of n external forces read:
where m is the mass of the rigid body, 2 E is the 2x2 identity matrix, c I is the mass moment of inertia about the center of mass C, c r& & is the acceleration of the center of mass, j& & is the rotational acceleration of the rigid body, i F are external forces acting on the body, while the summation runs from i=1 through n, where n is the number of forces. The vector notation is as follows. The vector i r is the position vector of the point of application P i of the force i F relative to the inertial reference frame, whereas c i / r denotes a position vector relative to point C of the rigid body, both expressed in the global coordinate system. The subscript T denotes transposition, and the matrix A, which reads:
is in fact the rotation matrix for p/2 radians and is used to effect the planar form of the vector multiplication 
These equations form the basis for the well-known conditions for static force composition. The resulting transformed force systems, often called "equivalent force systems" (e.g. [1] ), are in fact statically equivalent force systems. Moreover, the contribution of the force r F thus found is equivalent to the contribution of the forces 1 F and 2 F together, not only to the state of static equilibrium but also to any nominal state of motion. Furthermore, it can be shown that the conditions 3 and 4 are valid with respect to any point of the rigid body (i.e. point C need not be the center of mass).
DYNAMIC EQUIVALENCE
The vector equation Eq. 3 determines the magnitude and direction of the resultant force r F , whereas the line of action of r F is determined by the scalar equation Eq. 4. However, Eqs. 3 and 4 do not determine the point of application of the force r F . This is not important for the contribution to the nominal state, but for the stability of the nominal state, the point of application of a force is essential. Therefore, it is important that static equivalence is well distinguished from dynamic equivalence. In this paper, a resultant force will be considered dynamically equivalent to a system of forces acting on a rigid body if the contributions to the stability of the body of the resultant force and the original system of forces are equal.
Stability essentially is a dynamic phenomenon. Therefore, small variations about the nominal state of the body will be considered to investigate the stability of the nominal state of a rigid body in the planar case. The equations of motion for any nominal state of motion were given in Eq. 1. Expansion of these (for first order variations), subtraction of the nominal state, and rearranging of terms, yields the equations for the variations about the nominal state:
where the mass matrix is
and where the tangent stiffness matrix is
and where
. A subscript with comma is used to denote partial derivatives, e.g.
. The terms in the matrix K show that the forces and their moment contributions must be differentiated with respect to the position and orientation of the rigid body, c r and j , respectively, implying that the character of these forces affects the result. In the following sections, two kinds of forces will be addressed: constant forces and central linear forces.
Constant Forces
For constant forces, i.e. forces due to a homogenous force field, hence with invariant magnitude and direction, most of the elements in the tangent stiffness matrix K vanish. The only remaining term is
, representing the change in moments due to a small rotation. To elaborate this term, a local coordinate system is fixed to the body at point C such that 
is the rotation matrix describing the transformation from the body fixed coordinates r¢ into the space fixed coordinates r as in
The rotation matrix is an orthogonal matrix (e.g. [2] ), which means that
A direct result from this orthonormality is that the transposed of R equals the inverse, as in
Furthermore, if we differentiate the identities in Eq. 10 with respect to j we find:
is a skew symmetric matrix. Moreover, the previously presented matrix A is in fact defined by:
Returning to the term
of the stiffness matrix, we can now elaborate this term as follows:
where the equality 2 E AA -= is used. Consequently, the stiffness matrix of a set of constant forces i F acting on a rigid body reduces to:
This expression shows that the contribution to the stability of a constant force is characterized by the scalar product of the force vector and the position vector of its point of application. The stability of the two-constant-force systems in Fig. 1 can now be investigated more rigorously. Evaluation of the stiffness maxtrix yields for the Figs. 1a , 1b, and 1c, respectively. Since these terms are in fact the powers of the exponential solution to the linear differential equation Eq. 5, it can be concluded that the system in Figs. 1a, 1b, and 1c are stable, unstable, and neutrally stable, respectively, for small rotational disturbances. Note that all of these systems are neutrally stable for small displacements.
More interestingly, the tangent stiffness matrix K of Eq. 14 can be used to find the force r F that is dynamically equivalent to two constant forces 1 F and 2 F , by demanding that their contributions to the tangent stiffness matrix K must be equal. This notion leads to the following equation:
Thus an equation of scalar products is found, which, together with the equation of force vectors (Eqs. 3) and the equation of vector products (Eq. 4), uniquely defines the application point of the resultant force r F yielding the same stability contribution, when constant forces are assumed. The application point found in this manner will be called the dynamically equivalent application point (DEP) of the resultant force. Equation 16 will be called the stability equation for the case of constant forces. As is true for the force and moment equations (Eqs. 3 and 4, respectively), it can be shown that the stability equation is valid for any point C on the rigid body.
DEP of two constant parallel forces
To investigate the implications of the stability equation, the special case of two parallel constant forces is investigated first. Consider for example two gravity forces
acting on a rigid body, as in Fig. 3a . Substitution of these expressions into Eqs. 3, 4, and 16, yields after elaboration: of the dynamically equivalent force is found to be located on the line connecting 1 P and 2 P , in such a way that Fig. 3b . This result corresponds to the well-known procedure of finding the combined center of mass of two particles, and demonstrates that the above derivation indeed yields equivalent dynamics. In fact, this result can be identified as a particular case of the proposed procedure.
DEP of two constant forces
The more general case of two constant forces of arbitrary direction (Fig. 4a) is considered next. The line of action of the statically equivalent force is known, and Eq. 16 is used to find its point of application. Graphical inspection of this equation reveals a remarkable phenomenon. The DEP is located on the circle defined by the application points of the original forces and the intersection of their lines of action, as is shown in Fig. 4b . Assuming that this is true, it will be shown that Eq. 16 results. First, it is realized that if Eq. 16, which concludes the proof. Thus, the circle construction is a convenient way of finding the DEP of two given constant forces.
Stability of a three-force system in equilibrium
In the special case of a three-force system in equilibrium, the assessment of the stability now becomes straightforward and convenient by using the circle construction of Fig. 4 . Figure 5 shows three cases of a rigid body which is in equilibrium under influence of the forces 1 F , 2 F and r F . The body in Fig. 5a is in stable equilibrium, since replacing forces 1 F and 2 F by their dynamically equivalent resultant r F (not shown) yields a system similar to Fig. 1a . Similarly, the system in Fig. 5b is in unstable equilibrium, whereas the system in Fig. 5c is in neutral equilibrium. Note that it can now be concluded that the body in Fig. 2 is in stable equilibrium, simply by constructing the circle.
Central linear forces
This section deals with forces generated by a central linear force field. One special type of central linear forces consists of forces generated by zero-free-length springs [3] , which are of great benefit in the design of mechanisms in neutral equilibrium [4] . Due to the character of these forces, the tangent stiffness matrix K will contain more non-zero entries than in the case of constant forces. This section will derive the conditions for the dynamically equivalent force of two central linear forces, or, in particular, two zero-free-length springs.
The central linear force generated by a zero-free-length spring can be expressed as:
where i k is the spring stiffness; i a is the position vector of the fixed end of the spring (the origin of the central linear force field), and i r is the position vector of the moving end of the spring. The moment contribution of such a force with respect to an arbitrary point C of the body is:
From Eqs. 20 and 21, the contributions due to this force to the elements of the stiffness matrix K (Eq. 5) can be derived:
( )
Figure 4 Two constant forces of arbitrary direction acting on a rigid body: (a) given situation and statically equivalent force that may apply anywhere on its line of action, (b) dynamically equivalent point of application, as determined by the proposed circle construction, (c) proof of the circle construction.
( ) 
As compared to the constant-force stiffness matrix (Eq. 14), the following differences are apparent. Additional terms . If now two central linear forces are to be replaced by a single equivalent one, the contribution to the stiffness matrix K due to the equivalent central linear force must be equal to the contribution due to the two original ones. Considering Eqs. 22 through 25 respectively, this leads to the following conditions for equal stability (stability equations): Thus, when replacing two central linear forces by one, a total of seven equations are found: the vector equations Eq. 3 and Eq. 28, and the scalar equations Eq. 4, Eq. 27, and Eq. 29, which are to be solved for five unknowns (one scalar, r k , and two vectors, r r and r a ). Consequently, no solutions are found in general. This leads to the conclusion that two central linear forces cannot generally be substituted by a single one in a dynamically equivalent manner. However, by imposing constraints on the system, solutions for at least two special cases are possible. The following section will give the first special case, the second one will be treated in the Examples section.
Special Case 1: Common Attachment
A first special case is possible when the zero-free-length springs are attached to the rigid body at the same point (Fig. 6) . Then (see Fig. 6 ), Eq. 25 evolves into: So, two zero-free-length springs, k 1 and k 2 , each attached with one end to a first rigid body and with the other end to a second rigid body, can be composed into a single zero-freelength spring k r in a dynamically equivalent way for any relative movement of the rigid bodies, under the following conditions: Firstly, r k must equal 2 1 k k + (due to Eq. 27), secondly, the free ends of the springs must be attached to the same point of application r P , so c c c r / 2 / 1 / r r r = = (assumed earlier); and thirdly, the fixed end A r of the dynamically equivalent zero-freelength spring must be located on the line connecting A 1 and A 2 , so that
Inversely, these equations can be used to resolve a single spring into two springs, where it is noted that this does not give a unique solution.
Potential Forces
The treatise above can be generalized when the applied forces can be derived from a potential function, i.e. when they are conservative. This is especially useful when the stability is to be assessed in cases where the original forces and their points of attachment are not easy to identify. Examples are distributed loads, such as hydrostatic pressure.
In the case of a rigid body, only the potential of the external forces is to be concerned, so the equations of motion can be written as follows: 
This result is completely equivalent with Eq. 5. Depending on the situation, either of these may be more convenient.
EXAMPLES
This section will provide two examples. The first example is in fact the second special solution to finding a dynamic equivalent of two central linear forces. The second one demonstrates the convenient use of the potential using the example of the stability of a floating vessel.
The Balanced Broom
In addition to the common attachment, a second special case of a dynamical equivalent of two central linear forces is found when the motion is restricted to rotation (about a fixed point) only, and the two central linear forces are not replaced by a resultant central linear force but by a constant force. Under these distinct conditions, a solution can be found as follows. Due to the restriction to rotation, Eqs. 28 do not apply; and due to the replacement of two central linear forces with a constant force, dynamic equivalence is characterized by: r F r r r F r r r F + + + =
where the left side corresponds to the expression for constant forces. Now, together with the Eqs. 3 and 4, a total of four equations (one vector equation and two scalar equations) are found to solve for four unknowns (two vectors, r F and c r / r ). The physical interpretation of this solution is still an open question, however an example confirming this phenomenon is present in the Balanced Broom (a.k.a. Floating Suspension [5] ). This is a statically balanced mechanism consisting of one link with a mass at its end, suspended by two zero-free-length springs in such a way that a stationary pivot is obtained (Fig. 7) . Static balance can be proved by using the potential. The total potential is the summation of the potentials of the springs and of the mass (with respect to O, see , respectively. This results in the following two conditions that are valid for any r e or, equivalently, for any φ:
In case of equal springs
, it is found from Eq. 39 that r r r = = 2 1 , and from Eq. 40 that
/ . This expression is independent of the orientation of the link, which implies that the link has a stationary center of rotation, even though no physical joint is present. Thus, the link is restricted to rotation about a virtual pivot at C.
Next, the rotation is investigated by differentiating the potential with respect to j: 
A solution is found for any r e and therefore for any angle φ when:
This result confirms that one solution for the dynamically equivalent force of the two ideal spring forces is a constant force of magnitude r F and directed along a e , acting on the lever at point P, located along the extension of 
Roll stability of a ship
The metacenter of a ship is an example of a dynamically equivalent application point of a resultant force, i.e. the hydrostatic or buoyancy force (e.g. [6] ). The position of the metacenter with respect to the center of gravity of the ship, the metacentric height, determines the stability of the roll motion of a ship. The motion is stable if the metacenter is above the center of gravity, in which case the metacentric height is taken positive. If we draw the free body diagram of a ship of rectangular cross section in the equilibrium position (Fig. 8a) , that is at zero roll angle, it is clear that the resulting hydrostatic force must act on the center line of the cross section of the ship. Yet, at a glance, it is not obvious were the point of application of this resultant is located in order to be dynamically equivalent with the hydrostatic forces. A first, incorrect guess would be the centre of gravity of the displaced water volume, also known as the centre of buoyancy. Determining the DEP for the hydrostatic forces is not so easy since, for a rotated ship, these forces change both in direction as well as in magnitude. Therefore a direct analysis as presented in Eq. 5 is rather cumbersome. A much easier approach is making use of the potential function for this conservative force field and subsequently take derivatives as proposed in Eqs. 33 and 34 to obtain the dynamically equivalent force system.
Consider the ship in a displaced position (Fig. 8b) . The potential function for the hydrostatic forces is minus the potential of the displaced water volume which is equal to the first moment of mass distribution with respect to the water line times the gravitational constant g. We can divide the immerged cross sectional area of the ship into two parts, a parallelogram
The dynamically equivalent force system for the hydrostatic forces follows directly from the second order partial derivative of the hydrostatic potential V with respect to the roll angle j (Eq. 34) resulting in
Indeed, a very stable configuration! In conclusion, Fig. 9b shows the physical force system, while Fig. 9c shows the dynamically equivalent two-force system.
CONCLUSION
Unlike two-force systems, more complex force systems do not allow the assessment of their stability by inspection. This paper presented a general method to determine the stability of complex force systems, based on the notion of dynamic equivalence, where a resultant force is considered dynamically equivalent to a given force system acting on a rigid body if the contributions to the body's stability of the resultant force and the original force system are equal. This demand is stronger than the demand for static equivalence. Static equivalence yields a resultant force vector and its line of action. The location on this line remains undetermined, as it does not affect the nominal state of a rigid body. However, for the assessment of the stability of this nominal state, the application point on the line of action is essential. Demanding dynamic equivalence pinpoints the attachment point of the resultant force on the body in a unique manner. This point was called the dynamically equivalent point of attachment. It was shown that the dynamically equivalent resultant force of two given constant forces applies at the intersection of its line of action and the circle put up by the application points of the given forces and the intersection of their lines of action. This result yields a convenient graphical method for finding the dynamically equivalent application point of the resultant force. The determination of the combined center of mass can be considered as a special case of this theorem.
Two examples were given that illustrate the versatility and the significance of the proposed treatise. The first example considered the suspension of a body by springs only. It was shown that the body was statically balanced for rotation, while the center of rotation proved to be a virtual stationary point. The second example treated the roll stability of a ship. Using the proposed methodology, the metacentric height was determined in a natural and convenient way.
Future research will be directed towards the implication of dynamic equivalence of spatial force systems. Another field of application is present in robotic end effectors. In order to determine the stability of a grasp [7] , the nature of the grasp forces is predominant, i.e. sliding of sticking; with fixed or floating line of action; zero or non-zero free length springs, etc. Consequently, future work comprises the dynamically equivalent composition of other than constant and central linear forces, and the application to the synthesis of stable grasps.
